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AN APPLICATION OF HYPERGEOMETRIC SHIFT
OPERATORS TO THE χ-SPHERICAL FOURIER TRANSFORM
VIVIAN M. HO AND GESTUR O´LAFSSON
Abstract. We study the action of hypergeometric shift operators on the
Heckman-Opdam hypergeometric functions associated with the BCn type root
system and some negative multiplicities. Those hypergeometric functions are
connected to the χ-spherical functions on Hermitian symmetric spaces U/K
where χ is a nontrivial character of K. We apply shift operators to the hy-
pergeometric functions to move negative multiplicities to positive ones. This
allows us to use many well-known results of the hypergeometric functions as-
sociated with positive multiplicities. In particular, we use this technique to
achieve exponential estimates for the χ-spherical functions. The motive comes
from the Paley-Wiener type theorem on line bundles over Hermitian symmetric
spaces.
1. Introduction
The theory of spherical functions on semisimple Riemannian symmetric spaces is
an interesting part of harmonic analysis dating back to the work of Gel’fand, Gode-
ment (for the abstract setting), Harish-Chandra (in the concrete setting for a Rie-
mannian symmetric space), and Helgason. Later this theory was generalized as
the theory of hypergeometric functions, resp. of Jacobi polynomials, of several
variables associated with a root system, by a series of joint work of Heckman and
Opdam [4, 3, 10, 11]. In the case of spherical functions one can investigate them
using both differential and integral operators, while there are only the differential
equations at hand for the case of hypergeometric functions. The Heckman-Opdam
hypergeometric functions are joint eigenfunctions of a commuting algebra of differ-
ential operators associated to a root system and a multiplicity parameter (which
is a Weyl group invariant function on the root system). The multiplicities can
be arbitrary complex numbers. These hypergeometric functions are holomorphic,
Weyl group invariant, and normalized by the value one at the identity. When the
root multiplicities do correspond to those of a Riemannian symmetric space, these
hypergeometric functions are nothing but the restrictions to a Cartan subspace of
spherical functions on the associated Riemannian symmetric space. For an overall
study of this subject we refer to the books [5, Part I] and [7].
One of the new tools which was born with the general theory of hypergeometric
functions was the theory of shift operators. Those are generalizations of the classical
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identity for hypergeometric functions
(1.1)
d
dz
F (α, β, γ; z) =
αβ
γ
F (α+ 1, β + 1, γ + 1; z).
Here, ddz is the simplest example of a shift operator, for the rank one root system
BC1. A shift operator for the root system of type BC2 was first found by Koorn-
winder in [9], used to study the Jacobi polynomials. Subsequently some particular
higher rank cases were established by several authors. A thorough study of higher
rank shift operators in full generality was done by Opdam in [10, 11, 12]. We also
recommend [5, Part I] as a good resource.
In this article we mainly explore the idea to apply some suitable shift operators
to hypergeometric functions associated with the root system of type BCn (n ≥ 1)
and certain negative multiplicities. The motivation for this work originates from our
article [8] on Paley-Wiener type theorems for line bundles over compact Hermitian
symmetric spaces U/K and the needed estimates for the spherical functions. Let
χ be a nontrivial character of K. We characterized the χ-bicovariant functions f
on U (geometrically equivalent to smooth sections of those line bundles) with small
support in terms of holomorphic extendability and exponential growth of their χ-
spherical Fourier transforms with the exponent linked to the size of the support
of f . This characterization relies on the fact that the χ-spherical functions on
U extend holomorphically to their complexifications, and their restrictions on the
noncompact dual G are in turn the χ-spherical functions on G. It is well known,
see [5], that the χ-spherical functions on G are related to hypergeometric functions
with shifted multiplicities, some of which can be negative.
Denote for a moment a hypergeometric function by F . In [13] the author gave
a uniform exponential estimate on the growth behavior of F , which is of crucial
importance for the Paley-Wiener Theorem, but which requires all multiplicities to
be positive, see Proposition 3.5. There are two possible ways now to attach the
problem. Either generalize the Opdam estimates in [13] or use the shift operators
to reduce the problem to positive multiplicities. The first way was chosen in [8].
Here we discuss the second idea.
Let us give a brief outline of this article. In Section 2 we settle on some necessary
definitions and notations. A succinct review of the Heckman-Opdam hypergeomet-
ric functions is given in Section 3. To follow, in Section 4 we study some properties
of the hypergeometric shift operators of Opdam that will be used in the subse-
quent sections. Next, Section 5 is devoted to an application of shift operators to
the hypergeometric functions associated with the root system of type BCn and
certain nonpositive multiplicities, where root multiplicities do correspond to Her-
mitian symmetric spaces. Using this technique we will achieve desired estimates
for the χ-spherical functions. Finally, in Section 6 we treat the rank one case as an
example to strengthen the skills. A remark is given for a nice generalization of the
rank one case.
2. Notation and Preliminaries
The material in this section is standard. We refer to [5, Part I] for basic nota-
tions and definitions. We use the notations from the introduction mostly without
reference.
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Let a be an Euclidean space of dimension n and a∗ its dual space. Denote by
〈 · , · 〉 the inner products on a and a∗. Let Σ ⊂ a∗ be a possibly nonreduced root
system with rank(Σ) = dim a = n. In particular Σ spans a∗. Denote by
(2.1) Σ∗ = {α ∈ Σ | 2α /∈ Σ} and Σi = {α ∈ Σ |
1
2
α /∈ Σ}.
Both Σ∗ and Σi are reduced root systems. Fix a system Σ
+ of positive roots in Σ.
Set Σ+∗ = Σ∗ ∩ Σ
+. Denote by aC the complexification of a:
aC = a⊕ b = a⊗R C, b = ia
and by AC the complex torus with Lie algebra aC. We have the polar decomposition
AC = AB with A = exp a the split form and B = exp b the compact form.
The Weyl group W = W (Σ) is generated by the reflections rα for α ∈ Σ. A
multiplicity function m : Σ → C is a W -invariant function. Write mα = m(α)
1.
Set mα = 0 if α /∈ Σ. A multiplicity function is said to be positive if mα ≥ 0 for
all α. The set of multiplicity functions is denoted by M and the subset of positive
multiplicity functions is denoted by M+. Let
ρ = ρ(m) =
1
2
∑
α∈Σ+
mαα.
For λ ∈ a∗
C
and α ∈ a∗ with α 6= 0, set
λα :=
〈λ, α〉
〈α, α〉
.
Let P be the weight lattice of Σ, that is,
P = {λ ∈ a∗ | λα ∈ Z, ∀α ∈ Σ}.
Write exp : aC → AC for the exponential map and log : AC → aC the multi-valued
inverse. For λ ∈ a∗
C
, we define the function eλ on AC by
(2.2) eλ(a) = aλ := eλ(log a).
If λ ∈ P , we see that eλ is well defined and single-valued on AC. So a 7→ aλ (λ ∈ P )
is a character of AC. Since exp : a → A is a bijection, (2.2) is well defined and
single-valued on A for all λ ∈ a∗
C
. Denote by C[P ] (or C[AC]) the C-linear span of
eλ with λ ∈ P satisfying eλ · eµ = eλ+µ, (eλ)−1 = e−λ, and e0 = 1. An element of
C[P ] is an exponential polynomial on AC of the form
∑
λ∈P cλe
λ where cλ ∈ C and
cλ 6= 0 for only finitely many λ ∈ P .
3. The Heckman-Opdam Hypergeometric Functions
In this section we mainly review some facts of the theory of Heckman-Opdam
hypergeometric functions which will be used later. The Harish-Chandra expansion
was the basic tool in Heckman and Opdam’s theory of (generalized) hypergeometric
functions for arbitrary multiplicity functions. For a complete construction of the
Heckman-Opdam hypergeometric functions, see [4, 3, 10, 11] or [5, Part I, Chapter
4].
1Our multiplicity notation is different from the one used by Heckman and Opdam. The root
system R they use is related to our 2Σ, and the multiplicity function k in Heckman and Opdam’s
work is related to our m by k2α =
1
2
mα.
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Let {ξj}nj=1 be an orthonormal basis for a and ∂ξj the corresponding directional
derivative with respect to ξj , i.e.
(∂ξjφ)(X) =
d
dt
φ(X + tξj)
∣∣∣
t=0
.
We define a modified operator ML(m) = L(m) + 〈ρ(m), ρ(m)〉, where
L(m) :=
n∑
j=1
∂2ξj +
∑
α∈Σ+
mα
1 + e−2α
1− e−2α
∂α.
Let Ξ := {
∑n
j=1 njαj | nj ∈ Z
+, αj ∈ Π} (here Π is the set of simple roots
in Σ+). The Harish-Chandra series corresponding to a multiplicity function m is
defined by
Φ(λ,m; a) = aλ−ρ
∑
µ∈Ξ
Γµ(λ,m) a
−µ, a ∈ A+
where A+ = {a ∈ A | eα(a) > 1, ∀α ∈ Σ+} and λ ∈ a∗
C
. The coefficients Γµ(λ,m) ∈
C are uniquely determined by Γ0(λ,m) = 1 and the recurrence relations (using the
eigenvalue equation of L(m))
〈µ, µ− 2λ〉Γµ(λ,m) = 2
∑
α∈Σ+
mα
∑
k∈N
µ−2kα∈Ξ
Γµ−2kα(λ,m)〈µ + ρ− 2kα− λ, α〉
provided λ satisfies 〈µ, µ− 2λ〉 6= 0 for all µ ∈ Ξ \ {0}.
Definition 3.1. Define the meromorphic functions c˜, c : a∗
C
×M→ C by
c(λ,m) =
c˜(λ,m)
c˜(ρ,m)
, c˜(λ,m) =
∏
α∈Σ+
Γ(λα +
mα/2
4 )
Γ(λα +
mα/2
4 +
mα
2 )
where Γ is the Euler Gamma function given by Γ(x) =
∫∞
0
tx−1e−t dt. The function
c is the well-known Harish-Chandra’s c-function.
We note that
c(λ,m)c(−λ,m) =
∏
α∈Σ
Γ(λα +
mα/2
4 )
Γ(λα +
mα/2
4 +
mα
2 )
is clearly W -invariant in λ whereas c(λ,m) is not.
Definition 3.2. The function
(3.1) F (λ,m; a) =
∑
w∈W
c(wλ,m)Φ(wλ,m; a)
is called the hypergeometric function on A associated with the triple (a,Σ,m).
Remark 3.3. In the theory of spherical functions the equation (3.1) is the well known
Harish-Chandra’s asymptotic expansion for the spherical function [2]. In that case
an explicit expression for Harish-Chandra’s c-function was given by Gindikin and
Karpelevicˇ [1].
Theorem 3.4. Let P ⊂M be defined by
P = {m ∈M | c˜(ρ,m) = 0}.
Then F (λ,m; a) is holomorphic in a∗
C
× (M \ P) × T , where T is a W -invariant
tubular neighborhood of A in AC, and F (λ,m; a) isW -invariant on the same domain
(in the variables λ and a).
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Proof. See Theorem 4.4.2 in [5]. 
Proposition 3.5. Let m ∈M+. There exists a constant C such that
|F (λ,m; exp(X + iY )| ≤ C exp(max
w∈W
Rewλ(X) − min
w∈W
Imwλ(Y ))
where X,Y ∈ b with |α(X)| ≤ π/2 for all α ∈ Σ and λ ∈ a∗
C
.
Proof. This follows from Proposition 6.1 in [13]. 
4. Hypergeometric Shift Operators
We will introduce the hypergeometric shift operators of Opdam and discuss an
example of such a shift operator when the root system is of type BCn. For a
comprehensive information about these shift operators we recommend the reader
to check [10, 11, 12] or [5, Part I, Chapter 3].
We keep the notations as in Section 2. For the moment denote by k a multiplicity
inM. The hypergeometric shift operators with shift k were constructed in [10, 11].
They are differential operatorsD(k) onAC (or aC) satisfying the commuting relation
D(k) ◦ML(m) =ML(m+ k) ◦D(k), ∀m ∈M.
In particular shift operators areW -invariant on Areg
C
where Areg
C
= {a ∈ AC | wa 6=
a, ∀w ∈W, w 6= e} (cf. [5, Corollary 3.1.4]).
Definition 4.1. (cf. [5, Def 3.4.1]) Let Σ = ·∪ℓi=1Oi be the disjoint union of W -
orbits in Σ where ℓ ∈ Z+ is the number of Weyl group orbits in Σ. Define ei ∈ M
by ei(α) = δij (Kronecker’s symbol) for all α ∈ Oj . Let B = {b1, · · · , bℓ} be the
basis of M given by
bi =
{
2ei if 2Oi ∩Σ = ∅
4ei − 2ej if 2Oi = Oj for some j.
Note that m ∈ M is integral if and only if m ∈ ZB. A shift operator with shift
k ∈ ZB is called a raising operator if k ∈ Z+B and a lowering operator if k ∈ Z−B.
Remark 4.2. The open set M\P contains the closed subset
{m ∈ M | Re (mα/2 +mα) ≥ 0, ∀α ∈ Σ∗}
which in turn contains the set C+B.
Denote by D∗ the formal transpose of a differential operator D on AC with
respect to the Haar measure da on A:∫
A
(Df(a)) g(a) da =
∫
A
f(a) (D∗g(a)) da.
In a same way we define the transpose of a differential operator on B. Define the
weight function δ by
δ = δ(m) =
∏
α∈Σ+
(eα − e−α)mα .
Theorem 4.3. (Existence of shift operators).
(1) There exist nontrivial shift operators of shift k if and only if k ∈ ZB.
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(2) Let k ∈ Z+B and m ∈M with m,m± k /∈ P. Then there is a unique shift
operator G− of shift −k (a lowering operator) such that
(4.1) G−(−k,m)F (λ,m; ·) = F (λ,m− k; ·).
Define
G+(k,m) := δ(−k −m) ◦G
∗
−(−k,m+ k) ◦ δ(m).
It is a raising operator with shift k.
Proof. The existence of nontrivial shift operators is asserted by Theorem 3.6 in
[11]. Also see Theorem 3.4.3 and Corollary 3.4.4 in [5]. So now there is a lowering
operator G−(−k,m) which satisfies the formula (4.4.8) in [5]. Multiplying it by
c˜(ρ(m),m)
c˜(ρ(m− k),m− k)
,
which is a constant depending on m and k, and has no poles by the assumption
that m,m± k /∈ P , the derived operator is again a lowering operator with shift −k
and satisfies (4.1). 
Example 4.4. Let {εj}nj=1 be an orthonormal basis of a
∗. We consider an irre-
ducible root system of type BCn:
Σ = ±{εi, 2εi, εj ± εk | 1 ≤ i ≤ n, 1 ≤ j < k ≤ n}.
Then the εi are short, 2εi are long and the roots εj ± εk are medium. We have
Σ =
3⋃
·
i=1
Oi = Os
⋃
· Om
⋃
· Ol
where the three disjoint W -orbits correspond to short, medium, and long roots,
respectively. Similarly, (ms,mm,ml) ∈ M are multiplicities with respect to each
of them. Note that some of the multiplicities are allowed to be zero. If α ∈ Os,
then 2α ∈ Ol. So by Definition 4.1,
b1 = 4e1 + 0e2 − 2e3
which means shifting up the multiplicity of short roots by 4, shifting down on long
roots by 2, and no change on medium roots, that is, b1 = (4, 0,−2). Similarly,
b2 = 0+ 2e2 + 0 = (0, 2, 0), b3 = 0 + 0 + 2e3 = (0, 0, 2).
Thus, B = {b1, b2, b3} forms a basis of M (associated to Σ).
As an example of shifts in the multiplicity parameters of the hypergeometric
functions using shift operators we discuss here our fundamental example. Let l ∈ Z.
Let k = |l|b1 ∈ Z+B. We start with a multiplicity parameter
m′ = (ms + 2|l|,mm,ml) ∈ M \ P .
It satisfies
m+(l) := (ms − 2|l|,mm,ml + 2|l|)
= (ms + 2|l|,mm,ml)− |l|(4, 0,−2)
= m′ − k.
If m′ − k /∈ P , then since k ∈ Z+B, by (4.1), there exists a shift operator G− such
that for all λ ∈ a∗
C
,
(4.2) F (λ,m+(l); ·) = G−(−k,m
′)F (λ,m′; ·), with k = |l|b1.
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In short, applying G−(−k,m′) to the hypergeometric function with parameter m′
gives the hypergeometric function with parameter m+(l).
Example 4.5. (cf. Example 1.3.2 and Proposition 3.3.1 in [5]) We work on the
rank one root system of type BC1, say Σ = {±α,±2α}. Fix Σ+ = {α, 2α} with
〈α, α〉 = 1. Set k1 = mα and k2 = m2α. The Weyl group W associated to
this Σ is just {±1}. It is well-known that C[P ] = C[x, x−1] with x = e2α, and
C[x, x−1]W = C[s] with s = (x+x−1)/2. We have the following shift operator with
shift −b1 = (−4, 0, 2) (in terms of the coordinate x)
(4.3) E− = E−(−b1,m) =
1− x−1
1 + x−1
x
d
dx
+ C, C = k1 + k2 − 1.
For any m ∈M and all F,H ∈ C[P ], define an inner product
(F,H)m =
∫
B
F (x)H(x)|δ(m,x)| dx
= |W |
∫
B+
F (x)H(x)δ(m,x) dx
provided that the integral exists. Here |W | is the number of elements in W and
B+ is a positive Weyl chamber associated to a choice of positive roots. Thus B+ is
open, W ·B+ is open, dense and of full measure in B and dx is the Haar measure
on B normalized by
∫
B dx = 1.
Proposition 4.6. If F,H ∈ C[P ]W , then
(G−(−k,m)F,H)m−k = (F,G+(k,m− k)H)m, ∀k ∈ Z
+B.
Proof. We have
(G−(−k,m)F,H)m−k
= |W |
∫
B+
[G−(−k,m)F (x)]H(x)δ(m− k, x) dx
= (F,G∗−(−k,m)H)m−k
= |W |
∫
B+
F (x)G∗−(−k,m)H(x)δ(m− k, x) dx
= |W |
∫
B+
F (x)G∗−(−k,m) ◦ δ(m− k)H(x) dx
= |W |
∫
B+
F (x)δ(−m) ◦G∗−(−k,m) ◦ δ(m− k)H(x)δ(m,x) dx
= |W |
∫
B+
F (x)G+(k,m− k)H(x)δ(m,x) dx
= (F,G+(k,m− k)H)m,
where on B+, G+(k,m − k) := δ(−m) ◦ G∗−(−k,m) ◦ δ(m − k) is a differential
operator (note: G+ is a raising operator with shift k, the same as in Theorem
4.3). 
5. An Application to the χ-spherical functions
We consider the situation when root multiplicities correspond to those of an irre-
ducible Hermitian compact symmetric space. Hence Σ is of type BCn and ml = 1.
Then we describe how to apply shift operators to the χ-spherical functions which
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are connected to the hypergeometric functions associated with root system Σ and
certain nonpositive multiplicities (cf. Proposition 5.1).
Let us briefly review some necessary notations and facts about symmetric spaces.
The book [6] is served as a good reference. We keep most of notations as in [8] and
refer to it for more information.
Let G be a noncompact semisimple connected Lie group with Lie algebra g.
Denote by θ a Cartan involution on G. Write g = k⊕ s where k = gθ and s = g−θ
for the decomposition of g into θ-eigenspaces. Let K = Gθ. The compact dual
of G is denoted by U . The space G/K is a Riemannian symmetric space of the
noncompact type, and its dual U/K is the one of compact type. Let a be a maximal
abelian subspace in s. Then n = dim a is the rank of G/K. Let Σ ⊂ a∗ \ {0} be a
system of roots of a in g. Choose a positive root system Σ+ in Σ. Set b = ia. Let
A = exp a and B = exp b.
We assume, in addition, that G/K (resp. U/K) is an irreducible Hermitian
symmetric space. Write m = (ms,mm,ml) for the multiplicities of roots in Σ as
before. In our case, ml = 1.
Choose a generator χ1 for the set of one-dimensional characters of K. Then a
(nontrivial) character of K is given by χ = χl = χ
l
1 for some l ∈ Z. The χ-spherical
functions ϕλ,l on G with spectral parameters λ ∈ a∗C can be defined by integral or
differential equations (cf. [8, Section 4]). These functions are closely related to the
Heckman-Opdam hypergeometric functions in the sense which will be explained as
follows. Let O+s be the set of short roots in Σ
+. Define
η±l =
∏
α∈O+s
(
eα + e−α
2
)±2|l|
.
Note that η+l is holomorphic on AC.
Proposition 5.1. In case G/K is an irreducible Hermitian symmetric space we
have
ϕλ,l|A = η
±
l F (λ,m±(l); ·)
where λ ∈ a∗
C
, m±(l) ∈M ∼= C3 is given by
m±(l) = (ms ∓ 2|l|, mm, ml ± 2|l|),
and the ± sign indicates that both possibilities are valid.
Proof. See [5, p.76, Theorem 5.2.2] for the proof of this proposition. 
Note that the space of smooth sections of homogeneous line bundles Lχ over
U/K is isomorphic to the space of all smooth functions f : U → C such that
f(uk) = χ(k)−1f(u), ∀k ∈ K,u ∈ U.
We consider the subspace C∞r (U//K;Lχ) whose elements satisfy
f(k1uk2) = χ(k1k2)
−1f(u), ∀k1, k2 ∈ K,u ∈ U
and the support of f is contained in a geodesic ball of radius r for some sufficient
small r > 0. The χ-spherical Fourier transform is defined by
(5.1) S(f)(λ) =
1
|W |
∫
U
f(u)ϕλ+ρ,l(u
−1)du, λ ∈ a∗C
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where the normalization is chosen to simplify some formulas involving integration
over B+ (see below). In [8, Theorem 5.1], a Paley-Wiener theorem for the χ-
spherical Fourier transform of these line bundles was proved. The noncompact case
was treated in [14].
For the compact group U we have the Cartan decomposition U = KBK. But
B = ·∪w∈WwB+ with B
+ a positive Weyl chamber. The χ-spherical Fourier trans-
form (5.1) becomes (in view of Proposition 5.1), up to a constant,
(5.2) S(f)(λ) =
∫
B+
f(x)η+l (x)F (λ + ρ,m+(l);x)δ(x) dx.
Here, δ(x) = δ(m)(x) = δ(m,x). Our goal is to prove that (5.2) has at most an
exponential growth of type r by using Proposition 3.5 and some shift operators.
Therefore, assume that f |B (still call it f) is compactly supported in a geodesic
ball of radius r with r small enough. Define
∆s :=
∏
α∈O+s
|eα − e−α| = |δ(1, 0, 0)|,
and similarly, ∆m = |δ(0, 1, 0)|, ∆l = |δ(0, 0, 1)|. Note that the absolute value
is not needed on B+. In the following we will for simplicity write ϕλ(m;x) for
F (λ+ ρ,m;x) and d := (∆s∆l )
2|l|.
Recall the notations from Example 4.4: k = |l|b1 ∈ Z
+B,m′ = (ms+2|l|,mm,ml) ∈
M+, and m+(l) = m′− k. By (4.2) and Proposition 4.6, we have up to a constant,
S(f)(λ) =
∫
B+
f(x)η+l (x)ϕλ(m+(l);x)δ(m,x) dx(5.3)
(4.2)
=
∫
B+
f(x)η+l (x)G−(−k,m
′)ϕλ(m
′;x)δ(m,x) dx
=
∫
B+
f(x)η+l (x)G−(−k,m
′)ϕλ(m
′;x)(∆mss ∆
mm
m ∆l)(x) dx
=
∫
B+
d(x)f(x)η+l (x)G−(−k,m
′)ϕλ(m
′;x)
· (∆ms−2|l|s ∆
mm
m ∆
1+2|l|
l )(x) dx
=
∫
B+
d(x)f(x)η+l (x)G−(−k,m
′)ϕλ(m
′;x)δ(m+(l), x) dx(5.4)
=
∫
B+
G+(k,m+(l))
[
d(x)f(x)η+l (x)
]
ϕλ(m
′;x)δ(m′, x) dx .
Since m = (ms,mm, 1) ∈ M+, the term δ(m,x) in (5.3) will not blow up and
so the integral (5.3) is finite. The subsequent four integrals are simply rewritings
of (5.3), so they are finite too. Hence, it makes sense to apply Proposition 4.6 to
(5.4). Moreover,
∆s
∆l
=
∏
α∈O+s
∣∣∣∣ eα − e−αe2α − e−2α
∣∣∣∣ = ∏
α∈O+s
∣∣∣∣ 1eα + e−α
∣∣∣∣ ,
the denominator is never zero (because |α( · )| ≤ π/4 for α ∈ O+s ), so this term will
not blow up. It follows that d is a bounded function on B. Since m′ ∈ M+, we can
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use the estimate given in Proposition 3.5. So there is a C > 0 such that
|S(f)(λ)| ≤
∫
B+
∣∣G+(k,m+(l)) [d(x)f(x)η+l (x)]∣∣ |ϕλ(m′;x)|δ(m′, x) dx
≤ C max
x∈B+
{|d(x)f(x)η+l (x)|} exp(maxw∈W
Rew(λ + ρ)(X))δ(m′, x),
where we write x = eX with X in a ball centered at 0 of radius r and
| exp(max
w∈W
Rew(λ + ρ)(X))| < er‖Reλ‖.
On the other hand, since f has a compact support in a ball of radius r, and since
η+l and d are both bounded functions, applying a differential operator G+ doesn’t
increase the radius of the ball, giving that
(5.5)
∣∣G+(k,m+(l)) [d(x)f(x)η+l (x)]∣∣ ≤ max
x∈B+
{|d(x)f(x)η+l (x)|}.
The right-hand side of (5.5) is actually a constant depending on r. Moreover,
|δ(m′, x)| is bounded by some constant. Hence, there is a constant C1 > 0 (depend-
ing on r) such that
|S(f)(λ)| ≤ C1e
r‖Reλ‖.
The polynomial decay of S(f)(λ) is obtained by applying an invariant differential
operator on G/K to ϕλ,l. Hence, S(f)(λ) has an exponential growth of type r.
6. The Rank One Case
We treat the rank one case as a simple example for the previous results in Section
5. In this case the χ-spherical Fourier transform is given by (5.2) with dx being the
invariant measure on the torus T. We give an explicit choice of G− and show that
how easily we can achieve an exponential estimate for S(f)(λ) in this case.
The rank one case corresponds to n = dim a = 1. The only rank one Hermitian
compact symmetric space U/K is
SU(q + 1)/S(U(1)×U(q)), q ≥ 1.
This is the Grassmann manifold of one-dimensional linear subspaces of Cq+1. The
root system Σ is of type BC1. Recall Example 4.5 for more information. In this
case we have k1 = 2(q−1), q ≥ 1, and k2 = 1. That is, root multiplicities associated
to this symmetric space are (ms,mm,ml) = (2(q− 1), 0, 1). We identify ia with iR,
and aC with C. So B = exp b ∼= T. The Weyl group W = {±1} acting on iR and
C by multiplication.
A good candidate for G− is E
|l|
− which means repeated applications of E− the
number of |l| times (Here l ∈ Z and E− is given by (4.3)). By (4.2),
F (λ+ ρ,m+(l); ·) = G−(−|l|b1,m
′)F (λ + ρ,m′; ·)
= E−(−b1,m+(l) + b1) · · ·E−(−b1,m
′)︸ ︷︷ ︸
|l| copies
F (λ+ ρ,m′; ·)
We can write an element x ∈ B as x = eit with −π ≤ t ≤ π. We also need to
ensure f |B compactly supported in a geodesic ball which meets the conditions in
Proposition 3.5, so it reduces the domain to −π/2 ≤ t ≤ π/2. Note that f |B is
W -invariant, so it is a function of s with s = (x + x−1)/2 = cos t. We know from
Theorem 3.4 that the hypergeometric functions F (λ,m;x) are W -invariant in x. A
similar argument asserts that F (λ,m; ·) can be viewed as a function of s. Since all
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shift operators are W -invariant, in particular, so is E−. With change of variables
x = eit and s = cos t, the operator (4.3) is just a first order differential operator,
having the form
E− = (s− 1)
d
ds
+ C
where C is the same constant as in (4.3). In the rank one case, α ∈ Σ+ is the only
short root, so
η+l (x) = η
+
l (e
it) = (cos(t/2))2|l| =
(
1 + s
2
)|l|
.
Next, the weight measure becomes
|δ(m,x)| dx = 2q(1− s)q−1 ds, q ≥ 1.
We choose a positive Weyl chamber B+ such that 0 ≤ t ≤ π/2. Then 0 ≤
s ≤ 1, and ds = sin t dt is the invariant measure. With change of the variable
s = (x+ x−1)/2, 0 ≤ s ≤ 1, we have, up to a constant,
S(f)(λ) =
∫
B+
f(x)η+l (x)[(E− · · ·E−)ϕλ(m
′;x)]δ(m,x) dx
=
∫ 1
0
f(s)(
1 + s
2
)|l|2q(1− s)q−1[((s− 1)
d
ds
+ C)|l|ϕλ(m
′;x)] ds.(6.1)
Note that f(s) is smooth compactly supported in a ball of radius r, and vanishes
on the boundary. Also, the function
2q(1 − s)q−1(
1 + s
2
)|l|
is smooth and bounded. Since each E− is a first order differential operator, we can
apply integration by parts (|l| times) to (6.1) and then use Proposition 3.5 to get
the desired r-type exponential growth of S(f)(λ).
We mention in the next remark an alternative method to prove S(f)(λ) has
exponential growth of type r in some particular higher rank cases. It is a simple
and nice generalization of the rank one case.
Remark 6.1. Suppose U/K is a rank n (for n > 1) Hermitian compact symmetric
space which associates with the multiplicity (ms,mm, 1), where mm is even. Let u
be the Lie algebra of U . Let uj be rank one Lie algebras, j = 1, . . . , n, associated
to (2(q − 1), 0, 1) with q chosen so that 2(q − 1) = ms. Then b = b1 ⊕ · · · ⊕ bn is a
maximal abelian subspace in u, where each bj is a maximal abelian subspace in uj .
Let B = exp b. Then B = B1×· · ·×Bn with Bj = exp bj . So x = (x1, . . . , xn) ∈ B,
|δ(x)| =
∏n
j=1 |δ(xj)|, and
F (λ,m;x) = F ((λ1, . . . , λn),m; (x1, . . . , xn))
=
n∏
j=1
F (λj ,m;xj)
Let f ∈ C∞r (U//K;Lχ). We write f(x) = f(x1, . . . , xn), x ∈ B. We have (5.2)
as the χ-spherical Fourier transform of f with B+ a positive Weyl chamber in the
higher rank Lie group.
Let G+ be the fundamental shift operator with shift b2 = (0, 2, 0), repeatedly
applied mm/2 times. The existence of such a G+ is asserted by Theorem 4.3. The
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hypergeometric function F (λ,m+(l); · ) can be realized by applying G+ (multiplied
by some constant factor) to F (λ, (ms − 2|l|, 0, 1 + 2|l|); · ). Let
G− = 4
n(E
|l|
− )
n = 4nE
|l|
− × · · · × E
|l|
−
where E− is the same as in (4.3) and E
|l|
− means applying E− the number of
|l| times. The existence of G− is also followed from Theorem 4.3 (and check [5,
Theorem 3.4.3]). Therefore,
F (λ, (ms − 2|l|, 0, 1 + 2|l|);x) = G−F (λ,m
′;x)
= 4n
n∏
j=1
E
|l|
− F (λj ,m
′;xj)
where m′ = (ms+2|l|, 0, 1) ∈ M+. Hence, by using the composition of G+ and G−
we can write S(f)(λ) as a n-fold iterated integral of rank one integrals with which
we have done. The desired r-type exponential growth of S(f)(λ) thus follows from
the rank one case.
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